Abstract. We investigate a quasisymmetrically invariant counterpart of the topological Hausdorff dimension of a metric space. This invariant, called the topological conformal dimension, gives a lower bound on the topological Hausdorff dimension of quasisymmetric images of the space. We obtain results concerning the behavior of this quantity under products and unions, and compute it for some classical fractals. The range of possible values of the topological conformal dimension is also considered, and we show that this quanitity can be fractional.
Introduction
For a metric space (X, d), the topological dimension can be defined inductively as dim t X = inf{c : X has a basis U such that dim t ∂U ≤ c − 1 ∀U ∈ U}, where dim t ∅ = −1. Since topological dimension is bounded above by Hausdorff dimension, we write dim t X ≤ dim H X and say that X is fractal if dim t X < dim H X [11] .
Topological dimension is invariant under homeomorphism, while Hausdorff dimension is bi-Lipschitz invariant. An intermediate interesting class of maps between the first two is quasisymmetric maps [7, 13] . In order to classify spaces up to quasisymmetric equivalence, it is useful to have a concept of dimension that is quasisymmetrically invariant. One such example is conformal dimension [10] , which we denote dim C X.
Conformal dimension is modeled after Hausdorff dimension, which measures the size of a metric space. Recently, Balka, Buczolich and Elekes [1] introduced the topological Hausdorff dimension, which is a bi-Lipschitz invariant sensitive to connectivity. Unlike conformal dimension, this dimension is not quasisymmetrically invariant (Theorem 7.1).
We introduce and investigate a quasisymmetrically invariant counterpart of the topological Hausdorff dimension called the topological conformal dimension: dim tC X = inf{c : X has a basis U such that dim C ∂U ≤ c − 1 ∀U ∈ U}.
We obtain results concerning the behavior of this new quantity under products and unions, along with the range of its possible values. The topological conformal dimension is computed for some classical fractals, often via comparison to the Hausdorff dimension. In the final section, the topological conformal dimension is related to the quasisymmetric distortion of the topological Hausdorff dimension.
Among our results is the following two-sided estimate for the topological conformal dimension of certain products (Theorem 5.3).
Theorem. Let C be a compact Ahlfors d-regular metric measure space. If X = C × [0, 1] 2 then 2 + d 2 ≤ dim tC X ≤ 2 + d. In particular, if 0 < d < 1 then 2 < dim tC X < 3, which furnishes a collection of compact metric spaces with fractional topological conformal dimension.
A key difference between the topological conformal and topological Hausdorff dimensions is that conformal dimension may increase under Lipschitz maps. This makes it difficult to give a lower bound on topological conformal dimension, such as that in Theorem 5.3.
Preliminaries and Basic Properties
The subscripts of dim indicate the type of dimension. By convention, every dimension of the empty set is −1. For any set A, |A| means the cardinality of A. We write B(x, ε) for the open ball centered at x of radius ε. We will often refer to a basis of X, by which we mean a basis for the topology on X induced by the metric on X. Our definition of topological conformal dimension is similar to that of the classical topological dimension and the topological Hausdorff dimension. The topological Hausdorff dimension is defined in [1] as
for all triples a, b, x of points in X, and for all t > 0 [7] . The conformal dimension is defined via the Hausdorff dimension. For the latter, recall that the p-dimensional Hausdorff measure of X is
The Hausdorff dimension of X is dim H X = inf{p : H p (X) = 0}, and the conformal dimension of X is
We will have occasion to use the following two facts.
Proof. Inequality (2.2) is well known [10] . For the first inequality in (2.3), let U be a basis of X and U ∈ U. By (2.2) we have dim t ∂U ≤ dim C ∂U, so if dim C ∂U ≤ c − 1 then dim t ∂U ≤ c − 1. It follows that dim t X ≤ dim tC X. Using (2.2), the same argument gives dim tC X ≤ dim tH X. The inequality dim tH X ≤ dim H X is Theorem 4.4 in [1] .
Proof. The first inequality is (2.3). For the second, let ε > 0. By definition of dim C X there is a quasisymmetric map f with dim H f (X) ≤ dim C X + ε. Since the topological conformal dimension is a quasisymmetric invariant, we have Proof. This follows immediately from (2.3).
Proof. If U is a basis of Y then {U ∩ X : U ∈ U} is a basis in X and ∂ X (U ∩ X) ⊂ ∂ Y U holds for all U ∈ U. Note that monotonicity of conformal dimension follows from monotonicity of Hausdorff dimension.
It is clear from the definition that the topological conformal dimension is invariant under quasisymmetric maps. In particular, it is invariant under bi-Lipschitz maps. The following examples are along the lines of those in [1] . The next example shows that the topological conformal dimension can increase under Lipschitz maps in general, and Example 4.12 in [1] gives an example with an injective Lipschitz map. , where m is Lebesgue measure. Since K has a basis of clopen sets, we have dim
Dimension of Unions
Conformal dimension is stable under finite disjoint unions of compact sets ([10], Proposition 5.2.3). The same is true of the topological conformal dimension.
Theorem 3.1. If S 1 and S 2 are disjoint compact subsets of a metric space and if
Proof. Let ε > 0. We find a basis U of S and d ≥ 0 such that dim C ∂U ≤ d − 1 for all U ∈ U, and such that d ≤ max{dim tC S 1 , dim tC S 2 } + ε. By definition of the topological conformal dimension, for i = 1, 2 there exist
Then U is a basis for S, and for each U ∈ U, U = U 1 ∪ U 2 , and ∂U 1 , ∂U 2 are either empty or disjoint compact sets. By Proposition 5.2.3 in [10] we have
Inequalities (3.1) and (3.2) yield dim tC S ≤ max{dim tC S 1 , dim tC S 2 }. Finally, monotonicity gives the opposite inequality.
Unlike the Hausdorff dimension, the next example shows that finite stability does not hold for non-closed sets. 
Dimension of Products
Under certain conditions the Hausdorff dimension is additive under products [12] . This is not the case for conformal dimension [10] . In section 5 we will see that the topological conformal dimension is also not additive (Remark 5.5). In this section we provide an upper bound on the topological conformal dimension of the the product of two Jordan arcs. This requires a lemma pertaining to the conformal dimension of the union of two proper, uniformly perfect subsets of a metric space. To prove the lemma we use Theorem 1 in [6] several times, so it is included below. A metric space X is called proper if closed and bounded subsets are compact. It is called uniformly perfect if there is a constant C ≥ 1 so that for each x ∈ X and for each r > 0 the set B(x, r) \ B(x, r C ) is nonempty whenever the set X \ B(x, r) is nonempty [7] . 
Lemma 4.2. Let (X, d) be a metric space with proper uniformly perfect subsets
) → X is a quasisymmetric embedding. Since A and B are proper, it follows that X is also proper. Indeed, let E ⊂ X be closed and bounded. Then E = (E ∩ A) ∪ (E ∩ B) and since E is closed in X, E ∩ A and E ∩ B are closed in A and B, respectively. Since E is bounded, E ∩ A and E ∩ B are also bounded. Therefore E ∩ A and E ∩ B are compact since A and B are proper. Then E is a union of two compact sets and hence is compact, so X is proper. By Theorem 4.1 there is a metric d 1 on X such that
Since the restriction of a quasisymmetric map is again quasisymmetric, (4.1)
Locally bi-Lipschitz maps preserve Hausdorff dimension, so (4.5) and (4.
Finally (4.1),(4.4),(4.7) and monotonicity give dim 
Since each of S and T is a union of two connected sets, Lemma 4.2 gives
Since S and T are connected, Lemma 4.2, (4.8) and (4.9) yield
The conclusion now follows from the definition of the topological conformal dimension.
We conclude this section with a simple observation that classifies product spaces consisting of two factors; one factor is the unit interval, the other has conformal dimension zero.
On the other hand, X has a basis U of clopen sets since dim t X ≤ dim C X = 0. Then for every U ∈ U and 0 ≤ a ≤ b ≤ 1 we have Z, d, µ) be a compact, doubling metric measure space, and let 1 < p < ∞. Suppose that there exists a family E of connected sets in Z and a probability measure ν on E with the following properties:
(i) there exists c > 0 so that diam E ≥ c for all E ∈ E, and (ii) there exists C and r 0 > 0 so that
for all balls x ∈ Z and for all r ≤ r 0 . Then dim C Z ≥ p.
In particular, if 0 < d < 1 then 2 < dim tC X < 3 so that the topological conformal dimension assumes non-integer values.
Proof. Let U be a basis for X and let U ∈ U, U = ∅ be such that no point of U lies on the edge of any square of the form {x} × [0, 1] 2 . We will use Proposition 5.2 to show that dim C ∂U ≥ 1 + We claim that Q \ S β is connected. To see this, consider the set of components {S α } of B. Then
Suppose W and Z form a separation of Q \ S β . Without loss of generality A ⊂ W and S α ⊂ Z for some α. Let u ∈ ∂S α . Since every neighborhood of u intersects S α and Q \ S α , either u ∈ A or u ∈ S γ for some γ = α. If u ∈ S γ then S γ is a neighborhood of u disjoint from S α , a contradiction. If u ∈ A then Z is not closed, which is also false. Therefore Q \ S β is connected, and since S β is connected, so is S β . Since S β is open we have ∂S β = (Q \ S β ) ∩ S β . Thus ∂S β is the intersection of two closed connected sets which cover Q. By the unicoherence of Q [5] , ∂S β is connected.
Note that ∂S β ⊂ ∂U. Indeed, if w ∈ ∂S β \ ∂U then either w ∈ U or w ∈ U c . If w ∈ U c then w ∈ Q \ A and hence w ∈ S γ for some γ = β. Since S β is connected and ∂S β ⊂ S β we have S β ⊂ S γ , a contradiction. Similarly if w ∈ U then ∂S β ∈ U so that S β ⊂ U, a contradiction. Let E x = ∂S β . We now show that diam E x ≥ c. For z ∈ C, Arg(z) is the principal argument of z. Let z be the origin and choose an argument −π < φ ≤ π and a point z 0 ∈ Q with |z − z 0 | > diam A and Arg(z 0 ) = φ. Connect z to z 0 by a segment; call it L. The function w → dist(z, w) is continuous on the compact set L ∩ A, so it attains a maximum on L ∩ A, say at z 1 , which clearly lies in ∂A. So there is an outermost piece of ∂A in every direction from z and hence diam ∂E x ≥ diam A ≥ c. Since c is independent of x we have diam E x ≥ c for all x ∈ I.
Finally, we let s > 2 + d and show that (5.
We use a result concerning Assouad dimension to establish (5.2). Write dim A X for the Assouad dimension of X. Since s > 2 + d = dim A X, the Corollary to Theorem 1 in [9] shows that ∂U carries a (c, s)−homogeneous measure for some c. So there is a doubling measure µ on ∂U satisfying
for all x ∈ X, r > 0, and λ ≥ 1.
. By (5.5), (5.6), and (5.7) we have
This establishes (5.2), so all the conditions of Proposition 5.2 are met. 
While our method of proof for Theorem 5.3 is restrictive, the statement itself provides hope for an affirmative answer to the following conjecture.
Conjecture. For every d ∈ [2, ∞] there is a metric space X with dim tC X = d.
Examples
We compute the topological conformal dimensions of some classical fractals. In particular, this type of dimension classifies the Sierpinski Carpet as dimension 1, unlike the Hausdorff, topological Hausdorff, and conformal dimensions. Write SG for the Sierpinski gasket and SC for the Sierpinski carpet. Tyson and Wu proved that dim C SG = 1 [15] , while the value dim C SC remains unknown [10] .
Proof. Since SG contains a line segment dim tC SG ≥ 1, and we have dim tC SG ≤ dim H SG = ln (3) ln(2) < 2. Since dim tC SG / ∈ (1, 2) it follows that dim tC SG = 1. Similarly, since SC contains a line segment, dim tC SC ≥ 1. On the other hand, dim tC SC ≤ dim H SC = ln (8) ln(3) < 2 so that dim tC SC = 1.
Remark 6.3. In particular, the topological conformal dimension of the von Koch snowflake is 1.
Proof. Inequality (2.2) implies dim tC K ≥ 1. On the other hand, if K is homeomorphic to [0, 1] then the usual basis of [0, 1] gives a basis U for K such that |∂U | = 2 for all U ∈ U. Then dim C ∂U = 0 for all U ∈ U and hence dim tC K ≤ 1.
There are some well known fractals for which the topological conformal dimension remains unknown: Rickman's rug (defined in [10] ) and the Menger sponge (defined below). 
Proof. We will first show
Since X is locally compact, dim t X = 0 by Theorem 29.7 in [16] , so X has a basis U consisting of clopen sets. Let ǫ > 0 and choose a basis
Note that U is Ahlfors regular because U is an open subset of X. Theorem 5.7 in [12] implies dim H U = dim M U so that Corollary 8.11 in [12] gives
Since ε > 0 was arbitrary (6.2) implies (6.1).
For the reverse inequality, we show that for any
To this end, suppose there is S such that (6.3) fails. Choose β such that
Note that X is proper since it is complete and Ahlfors regular. Put dim H X = d. By virtue of the coarea inequality (Theorem 2.10.25 in [4] )
On the other hand
by Theorem 3.6 in [1] . Inequalities (6.6) and (6.7) yield
which contradicts (6.4).
Theorem 6.4 is useful for computing the topological Hausdorff dimension of the Menger sponge ( [10] , section 3.5), which we denote M. We do not know its topological conformal dimension.
Example 6.5. dim tH M = 1 + ln (4) ln (3) .
Proof. Put W = {[a, b] : 0 ≤ a < b ≤ 1; a, b dyadic rationals} and let U = M ∩(W × W × W ). Note that U is a basis of M such that for all U ∈ U, ∂U is a union of at most six sides of a cube in M. Each side of ∂U is a finite union of sets geometrically similar to C × C, where C is the middle-thirds Cantor set. Then dim H ∂U = ln(4) ln (3) so that dim tH M ≤ 1 + ln (4) ln (3) . On the other hand, M contains C × SC, so dim tH M ≥ dim tH (C × SC) by monotonicity of the topological Hausdorff dimension. Note that Theorem 5.4 in [1] gives dim tH SC = 1 + ln (2) ln (3) . Since C × SC satisfies the hypotheses of Theorem 6.4, we have dim tH (C × SC) = dim H C + dim tH SC = 1 + ln(4) ln(3) .
Thus dim tH M ≥ 1 + ln (4) ln(3) .
Quasisymmetric Distortion of Topological Hausdorff Dimension
The topological Hausdorff dimension is not quasisymmetrically invariant. For example, it increases under the snowflake transformation ( [10] , Corollary 1.4.18). More interestingly, there exist spaces which are minimal for conformal dimension, yet their topological Hausdorff dimension can be lowered by quasisymmetric maps. This is the content of Theorem 7.1. Note that if C is a compact metric space, then C × [0, 1] is minimal for conformal dimension [14] Remark 7.2. If C is the middle thirds Cantor set, under the assumptions of Theorem 7.1 we have dim tH X = 1 + d by Lemma 4.21 in [1] , and dim C X = 1 + d by [14] and Corollary 8.11 in [12] . for all quasisymmetries f. In particular (7.5) dim tC X ≤ inf{dim tH f (X) : f is quasisymmetric}.
Whether equality always holds in (7.5) remains unknown.
